CONSTRUCTIVE PROOF OF THE EXISTENCE OF NASH 
EQUILIBRIUM IN A FINITE STRATEGIC GAME WITH 
SEQUENTIALLY LOCALLY NON-CONSTANT PAYOFF 
FUNCTIONS BY SPERNER'S LEMMA 
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Abstract. Using Sperner's lemma for modified partition of a simplex we will 
constructively prove the existence of a Nash equilibrium in a finite strategic 
game with sequentially locally non-constant payoff functions. We follow the 
Bishop style constructive mathematics. 



1. Introduction 

It is often said that Brouwer's fixed point theorem can not be constructively 
proved^. Thus, the existence of a Nash equilibrium in a finite strategic game also 
can not be constructively proved. Sperner's lemma which is used to prove Brouwer's 
theorem, however, can be constructively proved. Some authors have presented a 
constructive (or an approximate) version of Brouwer's theorem using Sperner's 
lemma. Sec [?] and [?]. Thus, Brouwer's fixed point theorem can be constructively 
proved in its constructive version. Also Dalen in [?] states a conjecture that a 
uniformly continuous function / from a simplex to itself, with property that each 
open set contains a point x such that x ^ fix), which means \x — f(x)\ > 0, and 
also at every point x on the boundaries of the simplex x ^ f(x), has an exact fixed 
point. We call such a property of functions local non-constancy. Further we define 
a stronger property sequential local non- constancy. In another paper [?] we have 
constructively proved Dalen's conjecture with sequential local non-constancy. 

In this paper we present a proof of the existence of a Nash equilibrium in a finite 
strategic game with sequentially locally non-constant payoff functions by Sperner's 
lemma. We consider Sperner's lemma for modified partition of a simplex, and 
utilizing it prove the existence of such a Nash equilibrium. 
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1 [?] provided a constructive proof of Brouwer's fixed point theorem. But it is not constructive 
from the view point of constructive mathematics a la Bishop. It is sufficient to say that one 
dimensional case of Brouwer's fixed point theorem, that is, the intermediate value theorem is 
non-constructive. See [?] or [?]. On the other hand, in [?] Orevkov constructed a computably 
coded continuous function / from the unit square to itself, which is defined at each computable 
point of the square, such that / has no computable fixed point. His map consists of a retract of 
the computable elements of the square to its boundary followed by a rotation of the boundary of 
the square. As pointed out by Hirst in [?] , since there is no retract of the square to its boundary, 
Orevkov's map does not have a total extension. 

Brouwer's fixed point theorem can be constructively, in the sense of constructive mathematics 
a la Bishop, proved only approximately. But the existence of an exact fixed point of a function 
which satisfies some property of local non-constancy may be constructively proved. 
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Figure 1. Example of graph 

In the next section we prove a modified version of Sperner's lemma. In Section 3 
we present a proof of the existence of a Nash equilibrium in a finite strategic game 
with sequentially locally non-constant payoff functions by the modified version of 
Sperner's lemma. We follow the Bishop style constructive mathematics according 
to [?],[?] and [?]. 

2. Sperner's lemma 

To prove Sperner's lemma we use the following simple result of graph theory, 
Handshaking lemmg0. A graph refers to a collection of vertices and a collection of 
edges that connect pairs of vertices. Each graph may be undirected or directed. 
Figure Q] is an example of an undirected graph. Degree of a vertex of a graph is 
defined to be the number of edges incident to the vertex, with loops counted twice. 
Each vertex has odd degree or even degree. Let v denote a vertex and V denote 
the set of all vertices. 

Lemma 1 (Handshaking lemma) . Every undirected graph contains an even number 
of vertices of odd degree. That is, the number of vertices that have an odd number 
of incident edges must be even. 

This is a simple lemma. But for completeness of arguments we provide a proof. 

Proof. Prove this lemma by double counting. Let d(v) be the degree of vertex v. 
The number of vertex-edge incidences in the graph may be counted in two different 
ways; by summing the degrees of the vertices, or by counting two incidences for 
every edge. Therefore, 

where e is the number of edges in the graph. The sum of the degrees of the vertices 
is therefore an even number. It could happen if and only if an even number of the 
vertices had odd degree. □ 

Let A denote an n-dimensional simplex, n is a finite natural number. For exam- 
ple, a 2-dimensional simplex is a triangle. Let partition or triangulate a simplex. 
Figure [5] is an example of partition (triangulation) of a 2-dimensional simplex. In 



! For another constructive proof of Sperner's lemma, see [?]. 
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FIGURE 2. Partition and labeling of 2-dimensional simplex 

a 2-dimensional case we divide each side of A in m equal segments, and draw the 
lines parallel to the sides of A. Then, the 2-dimensional simplex is partitioned into 
m 2 triangles. We consider partition of A inductively for cases of higher dimension. 
In a 3 dimensional case each face of A is a 2-dimensional simplex, and so it is parti- 
tioned into m 2 triangles in the above mentioned way, and draw the planes parallel 
to the faces of A. Then, the 3-dimensional simplex is partitioned into m 3 trigonal 
pyramids. And similarly for cases of higher dimension. 

Let K denote the set of small n-dimcnsional simplices of A constructed by par- 
tition. Vertices of these small simplices of K are labeled with the numbers 0, 1, 2, 
. . . , n subject to the following rules. 

(1) The vertices of A are respectively labeled with to n. We label a point 
(1, 0, . . . , 0) with 0, a point (0, 1, 0, . . . , 0) with 1, a point (0, 0, 1 . . . , 0) with 
2, . . . , a point (0, . . . , 0, 1) with n. That is, a vertex whose fc-th coordinate 
(k = 0, 1, . . . ,n) is 1 and all other coordinates are is labeled with k for 
all k e {0,1,..., n}. 

(2) If a vertex of K is contained in an n — 1-dimensional face of A, then this 
vertex is labeled with some number which is the same as the number of a 
vertex of that face. 

(3) If a vertex of K is contained in an n — 2-dimensional face of A, then this 
vertex is labeled with some number which is the same as the number of a 
vertex of that face. And similarly for cases of lower dimension. 

(4) A vertex contained inside of A is labeled with an arbitrary number among 
0, 1, . . . , n. 

Now we modify this partition of a simplex as follows; 

Put a point in an open neighborhood around each vertex inside A, 
and make partition of A replacing each vertex inside A by the point 
in each neighborhood. The diameter of each neighborhood should 
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Figure 3. Modified partition of a simplex 



be sufficiently small relative to the size of each small simplex. We 
label the points in A following the rules (1) ~ (4). 

Then we obtain a partition of A illustrated in Figure [3] 
We further modify this partition as follows; 

Put a point in an open neighborhood around each vertex on a face 
(boundary) of A, and make partition of A replacing each vertex 
on the face by that point in each neighborhood, and we label the 
points in A following the rules (1) ~ (4). This neighborhood is 
open in a space with dimension lower than n. 

Then, we obtain a partition of A depicted in Figure [4] 

A small simplex of K in this modified partition which is labeled with the numbers 
0, 1, . . . , n is called a fully labeled simplex. Now let us prove Sperner's lemma about 
the modified partition of a simplex. 

Lemma 2 (Sperner's lemma). // we label the vertices of K following above rules 
(1) ~ (4), then there are an odd number of fully labeled simplices. Thus, there 
exists at least one fully labeled simplex. 

Proof. See Appendix lAl □ 



3. Nash equilibrium in strategic game 

Let p = (po, pi, . . . , p n ) be a point in an n-dimensional simplex A, and consider 
a function ip from A to itself. Denote the z-th components of p and tp(p) by p^ and 
<Pi(p) or ipi. 

The definition of local non-constancy of functions is as follows; 
Definition 1. (Local non- constancy of functions) 
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Figure 4. Modified partition of a simplex: Two 

(1) At a point p on the faces (boundaries) of a simplex ip(p) ^ p. This means 
ipi (p) > Pi or ipi (p) < pi for at least one i . 

(2) In any open set in A there exists a point p such that <p(p) ^ p. 

Next we define modified local non-constancy of functions as follows; 

Definition 2. (Modified local non- constancy of functions) 

(1) At the vertices of a simplex A ip(p) ^ p. 

(2) In any open set contained in the faces of A there exists a point p such that 
<p(jp) 7^ p. This open set is open in a space with dimension lower than n. 

(3) In any open set in A there exists a point p such that </j(p) ^ p. 

(2) of the modified local non-constancy implies that every vertex p in a par- 
tition of a simplex, for example, as illustrated by white circles in Figure 0] in a 
2-dimensional case, can be selected to satisfy ip{p) ^ p even when points on the 
faces of A (black circles on the edges) do not necessarily satisfy this condition. Even 
if a function ip does not strictly satisfy the local non-constancy so long as it satisfies 
the modified local non-constancy, we can partition A to satisfy the conditions for 
Sperner's lemma. 

Further, by reference to the notion of sequentially at most one maximum in [?], 
we define the property of sequential local non- constancy. 

First we recapitulate the compactness (total boundedness with completeness) of 
a set in constructive mathematics. A is compact in the sense that for each e > 
there exists a finitely enumerable £-approximation to A^- An e-approximation to 
A is a subset of A such that for each p 6 A there exists q in that e-approximation 



A set S is finitely enumerable if there exist a natural number and a mapping of the set 
{1,2, ...,N} onto S. 
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with |p — q| < s. Each face (boundary) of A is also a simplex, and so it is compact. 
According to Corollary 2.2.12 of [?] we have the following result. 

Lemma 3. For each e > there exist totally bounded sets Hi, H2, . . . , H n , each of 
diameter less than or equal to e, such that A = U" =1 i?i. 

The definition of sequential local non-constancy is as follows; 

Definition 3. (Sequential local non- constancy of functions) 

(1) At the vertices of a simplex A <p(p) =/= p. 

(2) Let d A be a face of A. There exists e with the following property. For 
each e > less than e there exist totally bounded sets H±, H2, ■ ■ ■ , H m , 
each of diameter less than or equal to e, such that dA = W^L^Hi, and if 
for all sequences (p n )n>i, (q»»)n>i in eac h H t , |</j(p n ) - Pn| — > and 
I^COn) - On I — > 0. then |p„ - q n | ► 0. 

(3) There exists e with the following property. For each e > less than e 
there exist totally bounded sets Hx^H%, ■ ■ ■ ,H m> each of diameter less than 
or equal to e, such that A = U^L^Hi, and if for all sequences (p n )n>i> 
(q n )n>i in each Hi, \<p(p n ) - p„| — > and \(p(q n ) - q„| — > 0, then 
\p n -q n | — >0. 

(1) of this definition is the same as that of the definition of modified local non- 
constancy. 

Now we show the following two lemmas. 

Lemma 4. Sequential local non-constancy means modified local non- constancy. 

The essence of this proof is due to the proof of Proposition 1 of [?]. 

Proof. Let H{ be a set as defined above. Construct a sequence (r„)„>i in Hi such 
that \(fi(r n ) — r n | — > 0. Consider p, q in ifj with p ^ q. Construct an increasing 
binary sequence (A n )„>i such that 

A„ = => max(|( / 9(p) - p|, |yj(q) - q|) < 2 -n , 
A„ = 1 max(|^(p) - p|, | V (q) - q|) > 2"™" 1 . 
We may assume that Ai = 0. If A„ = 0, set p„ = p and q„ = q. If A„ = 1, set 
Pn = q n = r„. Now the sequences (\(f{p n ) ~ Pn|)n>i, (\<p(<in) - <in\)n>i converge 
to 0, and so |p„ — q„| — > 0. Computing N such that |pat — qjv| < |p — q|, we see 
that Ayv = 1. Therefore, ip(p) ^ p or (p(q) 7^ q. □ 

The converse of Lemma[3]does not hold because the sequential local non-constancy 
implies isolatedness of points r satisfying ip(r) — r but the local non-constancy and 
the modified local non-constancy do not. 

Lemma 5. Let ip be a uniformly continuous function from A to itself. Assume 
infpgjjj y(p) = for Hi a A defined above. If the following property holds: 

For each S > there exists e > such that ifp, q € Hi, |</?(p) — p| < 

e and \(f(q) — q| < e, then \p — q| < 5. 
Then, there exists a point r G Hi such that v?(r) = r. 

Proof. Choose a sequence (p n ) n >i in -ff; such that |y(p n ) — Pn| — > 0. Compute 
such that \tp{p n ) — Pn\ < £ for all n > N. Then, for to, n > N we have |p m — p n < S. 
Since (5 > is arbitrary, (p„) n >i is a Cauchy sequence in Hi, and converges to a 
limit r G Hi. The continuity of y> yields |<p(r) — r| = 0, that is, y>(r) = r. □ 
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Now we look at the problem of the existence of a Nash equilibrium in a finite 
strategic game according to [?]. A Nash equilibrium of a finite strategic game is a 
state where all players choose their best responses to strategies of other players. 

Consider an n-players strategic game with to pure strategies for each player, n 
and to are finite natural numbers not smaller than 2. Let Si be the set of pure 
strategies of player i, and denote his each pure strategy by Sij. His mixed strategy 
is defined as a probability distribution over Si, and is denoted by p^. Let pij be 
a probability that player i chooses sy, then we must have X^liPy = 1 f° r a ^ *• 
A combination of mixed strategies of all players is called a profile. It is denoted 
by p. Let 7Tj(p) be the expected payoff of player i at profile p, and 7Tj(s.y, p_i) 
be his payoff when he chooses a strategy Sij at that profile, where p-i denotes a 
combination of mixed strategies of players other than i at profile p. 7Tj(p) is written 
as follows; 

7Tj(p) = TTi(pi,P-i) = ^ Pij^i^ij'P-i) 
{j-Pij>0} 

Assume that the values of payoffs of all players are finite. Then, since pure strategies 
are finite, and expected payoffs are linear functions about probability distributions 
over the sets of pure strategies of all players, 7Tj(p) is uniformly continuous about 
P 

For each i and j let 

Vij = Pi 3 + max(7r i (s ii , p_j) - rr^p), 0), 
and define the following function. 

^(P)= - J , (1) 

V il + Vi2 H h V im 

where YIj=\ ^Pij = 1 for alH. Let^i(p) = {ipn, tpi2, ■ ■ ■ , ipim), V>(p) = (V'lj^, ••• ,V>n)- 
Since each ipi is an m-dimensional vector such that the values of its components are 
between and 1, and the sum of its components is I, it represents a point on an 
to — 1-dimcnsional simplex. V'(p) is a combination of vectors ipiS. It is a vector such 
that its components are components of V'i(p) f° r a ll players. Thus, it is a vector with 
n x to components, but since the number of independent components is n(m — 1), 
the range of ip is the n-times product of m — 1-dimensional simplices. It is convex, 
and homeomorphic to an n(m — l)-dimensional simplex, p = (pi, p 2 , . . . , p n ) is also 
a vector with n x to components, and the number of its independent components is 
n(m — I). Thus, the domain of i\) is the same set as the range of ip, and a uniformly 
continuous function from the domain of ip to its range corresponds one to one to a 
uniformly continuous function from an n(m — l)-dimensional simplex to itself. 

Let us consider a homeomorphism between an n(m — l)-dimcnsional simplex and 
the space of players' mixed strategies which is denoted by P. Figure [5] depicts an 
example of a case of two players with two pure strategies for each player. Vertices 
D, E, F and G represent states where two players choose pure strategies, and 
points on edges DE, EF, FG and GD represent states where one player chooses a 
pure strategy. In such a homeomorphism vertices of the simplex do not correspond 
to any vertex of P. Vertices of the simplex and points on faces (simplices whose 
dimension is lower than n(m — 1)) of the simplex correspond to the points on faces 
of P. For example, in Figure [5] A, B and C correspond, respectively, to /, J and 
H . We make these points satisfy the condition of the following sequential local 
non-constancy. On the other hand, each vertex of P, D, E, F and G corresponds, 
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Figure 5. Homeomorphism between simplex and combination of strategies 

respectively, to itself on a face of the simplex which contains it. Next we assume 
the following conditions. 

Definition 4. (Sequential local non-constancy of payoff functions) 

(1) At points in P corresponding to vertices of A m(sij,p-i) — 7r»(p) > for 
some i and j . 

(2) Let <9P be a face of P in which some players choose pure strategies. There 
exists e with the following property. For each e > less than e there exist 
totally bounded sets Hi, H 2 , ■ ■ ■ , H m , each of diameter less than or equal 
to e, such that <9P = U^ifi, and if for all sequences (p n ) n >i, (q„)„>i 
in each H it max^Sjj, (p n )-») - ^i(Pn),0) — > 0, max^Sjj, (q„)_i) - 
7Tj(q n ),0) — > for all G Si for all i, then |p„ — q„| — > 0. 

(3) There exists e with the following property. For each e > less than e there 
exist totally bounded sets Hi, H 2 , ■ ■ ■ , H m , each of diameter less than or 
equal to e, such that P = U^l 1 Hi, and if for all sequences (p n )n>i; (qn)n>i 
in each H i; max(7rj(sy , (p n )-») - ""<(Pn),0) — > 0, max(7rj(sy, (q„)_j) - 
7Ti(q„),0) — > for all s^ G Si for all i, then p„ — q„ — > 0. 

By the sequential local non-constancy of payoff functions we obtain the following 
results. 

(1) At points in P corresponding to vertices of A, J^j PiJ >oPy 7ri ( Si J ; > P-») = 
7Tj(p) for each i implies that ipij(p) 7^ pij for some i and j. 

(2) By (2) of the definition of sequential local non-constancy of payoff functions, 
for each e > less than e there exist totally bounded sets Hi, H 2 , ■ ■ ■ , H m , 
each of diameter less than or equal to e, such that dP = U^. 1 i?j, and if 
for all sequences (p„)„>i, (q n )n>i in each Hi, \tp(p n ) - Pn\ — > and 
l^(qn) - q n | — > 0, then \p n - q n | — > 0. 
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(3) By (3) of the definition of sequential local non-constancy of payoff functions, 
For each e > less than e there exist totally bounded sets Hi, H2, ■ ■ ■ , H m , 
each of diameter less than or equal to e, such that P = U^. 1 -ffj, and if 
for all sequences (p„)„>i, (q n )n>i in each Hi, \ip(p n ) - p„| — > and 
l^(qn) - Qn| — > 0, then \p n - q n | — > 0. 
Let replace n by n(m — 1). We show the following theorem. 

Theorem 1. In any finite strategic game with sequentially locally non-constant 
payoff functions there exists a Nash equilibrium. 

Proof. Let us prove this theorem through some steps. 

(1) First we show that we can partition an n(m — l)-dimcnsional simplex A 
so that the conditions for Sperner's lemma (for modified partition of a 
simplex) are satisfied. We partition A according to the method in the 
proof of Sperner's lemma, and label the vertices of simplices constructed 
by partition of A. It is important how to label the vertices contained in 
the faces of A. Let K be the set of small simplices constructed by partition 
of A, p = (po, Pi, • • ■ , Pn(m-i)) be a vertex of a simplex of K, and denote 
the i-th coordinate of ip(p) by ipi or ipi(p). We label a vertex p according 
to the following rule, 

If pfc > ipk, we label p with k. 

If there are multiple fc's which satisfy this condition, we label p conveniently 
for the conditions for Sperner's lemma to be satisfied. 
We consider labeling for vertices about three cases. 

(a) Vertices of A: 

One of the coordinates of a vertex p of A is 1, and all other coordinates 
are zero. Consider a vertex (1,0, ... , 0). ip(p) P means ipj > Pj or 
ipj < Pj for at least one j. ipi < Pi can not hold for i ^ 0. On 
the other hand, ip > p can not hold. When V'o(p) < Po> we label 
p with 0. Assume that ipi{p) > Pi = for some i ^ 0. Then, since 

Sj=o~^ V'j(p) = 1 = Po, we have V'o(p) < Po- Therefore, p is labeled 
with 0. Similarly a vertex p whose fc-th coordinate is 1 is labeled with 
k for all k G {0,1,..., n(m - 1)}. 

(b) Vertices on the faces of A: 

Let p be a vertex of a simplex contained in an n(m — 1) — 1-dimensional 
face of A such that Pi = for one i among 0, 1, 2, ... , n(m — 1) (its 
i-th coordinate is 0). ip(p) ^ p means that ipj > Pj or tpj < pj 
for at least one j. ipi < pi = can not hold. When ipk < Pk for 
some k ^ i, we label p with k. Assume ipi > pj = 0. Then, since 
p ^ _ y^™- 1 ) ty. = i ; we have tp k < p k for some k ^ i, and 
we label p with k. Assume that ipj > Pj f° r some j 7^ i. Then, we 
have 

n(m— 1) n(m — 1) 

and so ipk < p k for some k 7^ i,j. Thus, we label p with k. 

We have proved that we can label each vertex of a simplex contained 

in an n(m — 1) — 1-dimensional face of A such that Pi — for one i 
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among 0, 1, 2, ... , n(m — 1) with the number other than i. By similar 
procedures we can show that we can label the vertices of a simplex 
contained in an n(m — 1) — 2-dimensional face of A such that Pi = 
for two i's among 0, 1, 2, . . . , n(m — 1) with the number other than 
those fs, and so on. 

Consider the case where, for example, Pi = Pi+i = 0. 
Neither tpi < pi = nor tpi < Pi+i — can hold. When 
ipk < Pfe for some j ^ i,i + 1, we label p with k. As- 
sume tpi > Pi = or tpi+i > Pi+i = 0. Then, since 

E™!™ -1 ' Pj = X^o"^ ipj = 1) we have ^fc < Pfe for 
some k ^ i, and we label p with k. Assume that 

ipj > Pj for some j ^ i,i + 1. Then, we have 

n(m — 1) n(m— 1) 

and so Vfc < Pfe for some k ^ i,i + Thus, we label p 
with k. 

(c) Vertices of small simplices inside A: 

By the modified local non-constancy of tp every vertex p in a modified 
partition of a simplex can be selected to satisfy ip(p) ^ p. Assume 
that tpi > Pi for some i. Then, since Y^j^o~^ Pj = Sj=o _1 ' i'j = 1j 
we have 

^fe < Pfe 

for some fc 7^ i, and we label p with k. 
Therefore, the conditions for Sperner's lemma (for modified partition of 
a simplex) are satisfied, and there exist an odd number of fully labeled 
simplices in K . 

(2) Suppose that we partition A sufficiently fine so that the distance between 
any pair of the vertices of simplices of K is sufficiently small. Let < 5™( m_1 ) 
be a fully labeled n(m — l)-dimensional simplex of K, and p^p 1 ,... 
and p"( m_1 ) be the vertices of <5™( m_1 ). We name these vertices so that 
p°, p 1 , . . . , p™( m_1 ) are labeled, respectively, with 0, 1, . . . , n(m — 1). The 
values of ip at theses vertices are ^p(p°),ip(p 1 ), . . . and ^>(p™( m_1 )). The 
j'-th coordinates of p* and tp(p l ), i = 0, 1, . . . , n(m — 1), are, respectively, 
denoted by p* and tpj(p l ). About p°, from the labeling rules we have 
Pq > ipo(p )- About p 1 , also from the labeling rules we have pj > V'i(p 1 )- 
Since n and m are finite, by the uniform continuity of tp there exists 6 > 
such that if \p l - pi\ < 8, then \iP(p l ) - V(P J )I < 2 n(m-i)ln(m-i)+ij for 
e > and i j. |^(p°) - ^(p 1 )! < 2 » (m _ 1)[ » (m _ 1)+1] means ^(p 1 ) > 

MP") - 2n(m-l)ln(m-l) + lj - 0n tllC ° thCr haild ' |P° ~ P*l < S mC&US 

p? > p{ - S. We can make S satisfying S < 2n(m—i)[n(m— i)+i] ' Thus, from 

pS>pi-*, p^Mp 1 ), Mp 1 ) 



2n(m- l)[n(m- 1) + 1] 
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we obtain 

p°>V>i(p°)-<5 



2n(m - l)[n(m - 1) + 1] 

> ^(P ) 7 777 7 TTTTl 

n(m — l)[n(m — 1) + 1J 
By similar arguments, for each i other than 0, 

P°i > MP ) ~, 777 7 TT—Ty (2) 

n(m — l)[n(m — 1) + 1J 

For i — we have 

PS > Mp°) (3) 
Adding © and ([3]) side by side except for some i (denote it by k) other 
than 0, 

n(ro-l) n(ro-l) 

Eo / C 0\ [n(m - 1) - lje 

Pj> 2^ i n (m-l)[n(m-l) + l]' 

From Ejo ~ 1} P° = L EJo ^(p°) = 1 we have 1 - pg > 1 - Mp°) - 



[n(ro-l)-l]e 



which is rewritten as 



n(m-l)[n(m-l) + l] : 

[n(m — 1) — 1]e 



p2 < v^(p°) + 



n(m — l)[n(m — 1) + 1] 
Since © implies p° > ^ fc (p°) - ra(m _ 1)[n £ (m _ 1)+1] , we have 

^(P°) " ~( TTT7 TTTTT < P° < ^*(P°) 

n(m — l)[n(m — 1) + 1J 

[n(m — 1) — l]e 



(4) 



n(m — l)[n(m — 1) + 1] ' 

Thus, 

Pfc - MP )\ < , 1U , 77—7 

is derived. On the other hand, adding ([2]) from 1 to n(m — 1) yields 

n(m— 1) n(m — 1) 

From X^i™^ P° = h Eji'o -13 ^(p ) = 1 we have 

1 - pg > 1 - ^o(p°) - -. ^t— r. (5) 

n(m — 1) + 1 

Then, from © and ([5]) we get 

|p8-^o(p°)| < ^ ^77— • (6) 

n(m — 1) + 1 

From ((3]) and © we obtain the following result, 

|p° - MP°)\ < ~, ^77— for all i. 

n[m — 1) + 1 

Thus, 

|p°-V(p°)| <e. (7) 
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Since e is arbitrary, we have inf p£ A |"0(p) — p| = 0. 

(3) Since as described in Definition [3] A = S"=i Hi, where each Hi is a totally 
bounded set whose diameter is less than or equal to e, for at least one 
Hi we have infpg^ \ip(p) — p| = 0. Choose a sequence (r„)„>i such that 
\ip(r n ) — r n | — > in such Hi. In view of Lemma [5] it is enough to prove 
that the following condition holds. 

For each e > there exists 5 > such that if p, q £ Hi, \ip(p) — 
p| < 5 and \tp(q) — q| < 8, then p — q < e. 
Assume that the set 

T={(p,q)£tf 4 xiJ 4 : |p-q|>£} 

is nonempty and compactQ. Since the mapping (p,q) — > max(|^(p) — 
p|, \ip(q) — q|) is uniformly continuous, we can construct an increasing bi- 
nary sequence (A n ) rl >i such that 

A„=0^ inf max(|^(p)-p|,|^(q)-q|)<2- m , 
(p,q)£T 

A„ = 1 => inf max(|V>(p) - p|, |^(q) - q|) > 2~ m - 1 . 
(p,q)eT 

It suffices to find n such that A„ = 1. In that case, if IV'(p) — p| < 2 _m_1 , 
V'(q) — q| < 2~" i ~ 1 , we have (p,q) ^ T and p — q| < e. Assume Ai = 0. 
If A„ = 0, choose (p„,q n ) £ T such that max(|V>(Pn) - Pn|.|^(qn) - 
q„|) < 2~ m , and if A„ = 1, set p„ = q„ = r„. Then, \ip(p n ) - p„| — > 
and IV'(qn) — q ? i| — > 0, so p„ — q„| — > 0. Computing N such that 
\Pn — qjv| < e, we must have A at = 1. We have completed the proof of the 
existence of a point which satisfies ip(p) = p. 

(4) Denote one of the points which satisfy i/j(p) = p by p = (pi,p2, ■ ■ ■ ,pn) 
and the components of pi by pij . Then, we have 

^ij = Pij , for all i and j. 

By the definition of ipij 

pij + max(7Ti(sij, p-j) - 7r t (p), 0) _ _ 
1 + J2k=i max(7r i (s ife ,p_ i ) - 7Ti(p),0) Ply 

Let A = J2T=i max ( 7r i( s ifc; P-j) - 7r j(p),0), then 

max(7r i (si J -,p_i) - 7r;(p),0) = Xpij, 

where p_i denotes a combination of mixed strategies of players other than 
i at profile p. 

Since 7Ti(p) = S{j:p i >o}^J 7r «( s y'' P*)> it is impossible that max^^, p_ 
7Ti(p),0) = 7Tj(sjj,p_j) — 7Tj(p) > for all j satisfying pij > 0. Thus, A = 0, 
and max(iri(sij,p-i) — 7Tj(p),0) = holds for all s^'s whether pij > or 
not, and it holds for all players. Then, strategies of all players in p are best 
responses each other, and a state where all players choose these strategies 
is a Nash equilibrium. 

□ 



4 See Theorem 2.2.13 of [?]. 
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Player 2 



Player 
1 





X 


Y 


X 


2, 2 


0, 3 


Y 


3, 


1, 1 



Table 1 . Example of game 1 



Consider two examples. See a game in Table Q] It is an example of the so-called 
Prisoners' Dilemma. Pure strategies of Player 1 and 2 are X and Y. The left side 
number in each cell represents the payoff of Player 1 and the right side number 
represents the payoff of Player 2. Let p x and 1 — px denote the probabilities that 
Player 1 chooses, respectively, X and Y, and qx and 1 — qx denote the probabilities 
for Player 2. Denote the expected payoffs of Player 1 and 2 by ni(p x ,q x ) an d 
K2(Px,qx)- Then, 

m(px,qx) = Zpxqx + 3(1 - px)qx + (1 — px)(l - qx) 
= 1 - Px + 2<Zx , 

and 

it2(px,qx) = Ipxqx + 3px(l - qx) + i 1 - Qx) 

= 1 - qx + 2px- 

Denote the payoff of Player 1 when he chooses X by iti(X, qx), and that when he 
chooses Y by iti(Y,q x ). Similarly for Player B. Then, 

ni(Y, q x ) = 1 + 2q x > TTi(p x ,qx) for any q x and p x > 0, 

TT2{px,Y) = 1 + 2p x > TT 2 {px,qx) for any p x and q x > 0. 

We can select points in P in (1) of Definition |4] which correspond to vertices of 
A so that 7Vi(Y,qx) > ni(px,qx) and 7r 2 (pv,^) > K2(px,qx) hold. 

Consider two sequences ofpx, (px(m))m>i and (jp'x{ m ))m>i such that px(m) > 
and p' x {m) > 0. l{mstx(max(Tri(X,qx),TTi(Y,qx))-TTi(px(rn),qx),0) = max(7Ti(Y", q x )- 
iri(px(m),q x ),0) — > and max(max(7Ti (X, q x ), ni(Y, q x )) - iri(p' x (m), qx), 0) = 
max(7ri(Y, q x ) — ni(jp? x (m), qx), 0) — > 0, then px(m) — > 0, p' x (m) — > and 
\px(m) -p' x (m)\ — > 0. 

Consider two sequences of qx, {qx{m))m>i and (q'x( m ))m>i such that q x (m) > 
Oandg^(m) > 0. Hmax(max(Tr 2 (px,X),ic 2 (p x ,Y))-K 2 (px,qx(m)),0) = max(-7r 2 (px, Y)- 
K 2 {px,qx{m)),Q) — > 0&ndma,x(max(ir 2 (px,X),ir 2 (px,Y))-ir2{px,q'x( m )), Q ) = 
max(7T2 (px , Y ) — Tr2(px,q'x( m )),0) — > 0, then qx(m) — > 0, q' x (m) — > and 
\qx(m) - q x (m)\ — ► 0. 

Therefore, the payoff functions are sequentially locally non-constant. 



Player 2 





X 


Y 


X 


2, 1 


0, 


Y 


0, 


1, 2 



Table 2. Example of game 2 
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Let us consider another example. See a game in Table O It is an example of the 
so-called Battle of the Sexes Game. Notations are the same as those in the previous 
example. The expected payoffs of players are as follows; 

Ki(px,qx) = 2p x qx + (i -px)(i - qx) 
= i +px(3gx - 1) - qx, 

iri(X,q x ) = 2q x , 
ni(Y,Qx) = 1 - qx, 

^ 2 {px,qx) = pxqx + 2(1 - px)(l - qx) 
= 2 + qx (Spx -2)-2 Px , 

K2(PX,X) =p X , 

and 

*2{pxX) = 2-2p x . 

Then, 

• When q x > §, Ki(X,q x ) > iri(px,qx) for p x < 1. 

• When q x < §, 7Ti (Y, qx ) > 7Ti(px,<7x) for p x > 0. 

• Whenpx > f, 7r 2 (px,^0 > n 2 (p x ,qx) for gx < 1 • 

• When p x < §, 7r 2 (px, ^) > n 2 (p x ,q x ) for gx > . 

We can select points in P in (1) of Definition |4] which correspond to vertices of A 
so that m(X,qx) > m(px,qx), m(Y,qx) > m(px,qx), n 2 (px,X) > n 2 (p Xl qx) 
or ir 2 (p Xl Y) > ir 2 {px,qx) hold. 

Consider sequences [px{m)) m >i, (p' x (m)) m > u (q x {m)) m >i and (q' x (m)) m >i. 

(1) When p x > §, qx > \, if max(7Ti(X, q x ) - iri(p x {m),q x ),0) — ► and 
max(7ri(X,q x )-7ri(p^(m),gx),0) — > 0, then p x (m) — > 1, p' x (m) — > 1 
and \px(m) — p' x (m)\ — > 0. 

If max(7r 2 (p x , X) -7T 2 (px , <7x (m) ) , 0) — > and max(7r 2 (p x , X) -7r 2 (p x , g x ( m )) > °) 
0, then qx(m) — > 1, q' x (m) — > 1 and \q x (m) — q' x (m)\ — > 0. 

(2) When p x < §, qx < §, if max(7Ti (T, gx) - 7ri(px(m), gx), 0) — ► and 
max(7ri(y,qx) - 7Ti(p^-(m),gx),0) — > 0, then p x (m) — >■ 0, p' x (m) — > 
and \px(m) — p' x (m)\ — > 0. 

If max(7r 2 (px,Y)-^2(px,9x(m)),0) — ► and max(7r 2 (p x , Y) -tt 2 (px , q' x ( m ) ) > °) 
0, then qx(m) — > 0, q x (m) — > and |gx("i) — 9jf( m )l — ^ 0- 

(3) When px < §, <Df > |j there exists no pair of sequences (px{m))m>\ 
and (gx(^))m>i such that max(7Ti (X, qx) — iri(px{m),qx),0) — > and 
m&x(-n: 2 (px,Y) - ir 2 (px,qx(m)),0) — y 0. 

(4) When px > f j <Zx < |j there exists no pair of sequences (px(w)) m >i 
and (qx(w)) m >i such that max(7Ti (Y, qx ) — 7r i(px(w), gx), 0) — > and 
max(7r 2 (px,^) - n 2 (px,qx(m)),Q) — > 0. 

(5) When § - £ < px < | + s, \ - £ < qx < | + £ with < e < |, if 
max(7Ti(X,gx)-7ri(px(m),gx),0) — ► 0, max(7Ti(Y", gx)—Ti(Px(w), gx), 0) — > 

0, max(7r 2 (px, X)--K 2 (p x ,qx(m)),0) — ► and max(7T 2 (px, Y)-ir 2 (px, qx(m)), 0) — 
0, then (px(m),q x (m)) — > (§, |) for all sequences (pj(m)) m >i and (gx(m)) m >i. 
The payoff functions are sequentially locally non-constant. 
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4. Concluding Remarks 

As a future research program we are studying the following themes. 

(1) An application of the method of this paper to economic theory, in particular, 
the problem of the existence of an equilibrium in competitive economy 
with excess demand functions which have the property that is similar to 
sequential local non-constancy. 

(2) A generalization of the result of this paper to Kakutani's fixed point theo- 
rem for multi- valued functions with property of sequential local non-constancy 
and its application to economic theory. 

Appendix A. Proof of Sperner's lemma 

We prove this lemma by induction about the dimension of A. When n = 0, we 
have only one point with the number 0. It is the unique 0-dimensional simplex. 
Therefore the lemma is trivial. When n — 1, a partitioned 1-dimensional simplex is 
a segmented line. The endpoints of the line are labeled distinctly, by and 1. Hence 
in moving from endpoint to endpoint 1 the labeling must switch an odd number 
of times, that is, an odd number of edges labeled with an 1 may be located in 
this way. 

Next consider the case of 2 dimension. Assume that we have partitioned a 2- 
dimensional simplex (triangle) A as explained above. Consider the face of A labeled 
with and ]Q. It is the base of the triangle in Figure [6l Now we introduce a dual 
graph that has its nodes in each small triangle of K plus one extra node outside 
the face of A labeled with and 1 (putting a dot in each small triangle, and one 
dot outside A). We define edges of the graph that connect two nodes if they share 
a side labeled with and 1. See Figure [51 White circles are nodes of the graph, and 
thick lines are its edges. Since from the result of 1-dimensional case there are an 
odd number of faces of K labeled with and 1 contained in the face of A labeled 
with and 1, there are an odd number of edges which connect the outside node and 
inside nodes. Thus, the outside node has odd degree. Since by the Handshaking 
lemma there are an even number of nodes which have odd degree, we have at least 
one node inside the triangle which has odd degree. Each node of our graph except 
for the outside node is contained in one of small triangles of K . Therefore, if a 
small triangle of K has one face labeled with and 1, the degree of the node in 
that triangle is 1; if a small triangle of K has two such faces, the degree of the node 
in that triangle is 2, and if a small triangle of K has no such face, the degree of the 
node in that triangle is 0. Thus, if the degree of a node is odd, it must be 1, and 
then the small triangle which contains this node is labeled with 0, 1 and 2 (fully 
labeled). In Figure [6] triangles which contain one of the nodes A, B, C are fully 
labeled triangles. 

Now assume that the lemma holds for dimensions up to n — 1. Assume that 
we have partitioned an n-dimensional simplex A. Consider the fully labeled face 
of A which is a fully labeled n — 1-dimensional simplex. Again we introduce a 
dual graph that has its nodes in small n-dimensional simplices of K plus one extra 
node outside the fully labeled face of A (putting a dot in each small n-dimensional 
simplex, and one dot outside A). We define the edges of the graph that connect 



We call edges of triangle A faces to distinguish between them and edges of a dual graph which 
we will consider later. 
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FIGURE 6. Sperner's lemma 



two nodes if they share a face labeled with 0, 1, n — 1. Since from the result 
of n — 1-dimcnsional case there are an odd number of fully labeled faces of small 
simplices of K contained in the n — 1-dimensional fully labeled face of A, there are 
an odd number of edges which connect the outside node and inside nodes. Thus, 
the outside node has odd degree. Since, by the Handshaking lemma there are an 
even number of nodes which have odd degree, we have at least one node inside the 
simplex which has odd degree. Each node of our graph except for the outside node 
is contained in one of small n-dimensional simplices of K . Therefore, if a small 
simplex of K has one fully labeled face, the degree of the node in that simplex is 1; 
if a small simplex of K has two such faces, the degree of the node in that simplex 
is 2, and if a small simplex of K has no such face, the degree of the node in that 
simplex is 0. Thus, if the degree of a node is odd, it must be 1, and then the small 
simplex which contains this node is fully labeled. 

If the number (label) of a vertex other than vertices labeled with 
0, 1, . . . , n — 1 of an n-dimensional simplex which contains a fully 
labeled n — 1-dimensional face is n, then this n-dimensional simplex 
has one such face, and it is a fully labeled n-dimensional simplex. 
On the other hand, if the number of that vertex is other than n, 
then the n-dimensional simplex has two such faces. 

We have completed the proof of Sperner's lemma. 

Since n and partition of A are finite, the number of small simplices constructed 
by partition is also finite. Thus, we can constructively find a fully labeled n- 
dimensional simplex of K through finite steps. 
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